Abstract. In this paper we give an explicit Fourier expansion of the Eisenstein series on certain quaternion unitary groups of degree 2 by means of Shimura's method. Moreover using an explicit formula of the Fourier coe‰cients of holomorphic Eisenstein series and Oda's lifted cusp forms, we give some numerical examples.
Introduction.
In this paper, we study Eisenstein series on a quaternion unitary group of degree 2 and give some examples. Automorphic forms of our type were studied by Arakawa [1] . We shall state an outline of this paper in the simplest case.
Though we treat totally real algebraic number fields as the basic field in this paper, to give a brief account of this paper, we state only the case of rational number field. Let B be an indefinite division quaternion algebra over Q and D the discriminant of B over Q. Denote by a 7 ! a ða A BÞ the canonical involution and put Tr B=Q ðaÞ ¼ a þ a. We denote by O a maximal order of B. We define an algebraic group G over Q by G. The right-hand side of (0.1) converges absolutely and locally uniformly on fðZ; sÞ j Z A H; Re s > 3=2g:
Especially for l Z 4 E l ðZÞ :¼ E l ðZ; l À 3=2Þ belongs to M l ðGÞ.
We have an explicit formula for the Fourier expansion by an application of the Shimura's method (cf. [17] ). where h runs over the lattice defined in (1.3), dððÃÞÞ means 1 or 0 according as the condition ðÃÞ is satisfied or not, and put J ¼ 0 1 À1 0 . The function x 2 , which is defined in (2.8), can be written by the confluent hypergeometric functions defined in Shimura [16] . a f is the singular series and its explicit form is given in Proposition 3.3.
From Theorem 0.1 we prove the analytic continuation and a functional equation without using Langlands' theory [9] .
Theorem 0.2 (Theorem 3.7). The Eisenstein series E l ðZ; sÞ has a meromorphic continuation to the whole s-plane and
ÀsÀ1=2 ÞE l ðZ; sÞ is invariant under s 7 ! Às. Here xðsÞ :¼ p Às=2 Gðs=2ÞzðsÞ ¼ xð1 À sÞ.
The right-hand side of (0.1) is no guarantee of the absolute convergence if l ¼ 2 and s ¼ 1=2. However, as in Shimura [17] , we obtain the following result. Since E 2 ðZ; sÞ is regular at s ¼ 1=2, we can define E 2 ðZÞ :¼ E 2 ðZ; sÞj s¼1=2 .
Theorem 0.3 (Theorem 3.8).
E 2 ðZÞ A M 2 ðG Þ
We remark that in the case of Siegel modular forms of degree 2 the holomorphic Eisenstein series of weight 2 can not be constructed in this way (see [8] , [12] , [17] ).
Moreover we give an explicit formula for the Fourier coe‰cients of the holomorphic Eisenstein series E l ðZÞ to compute numerical examples (cf. Theorem 3.10). By this formula, we verify that Fourier coe‰cients of E l ðZÞ are the rational number whose denominators are bounded (cf. Corollary 3.11) and satisfy the Maass relation (cf. Corollary 3.12).
In the last section ( §4), we consider the case of D ¼ 6. We introduce Oda's lifting (cf. [13] , [19] ), and give some numerical examples of Fourier coe‰cients of the holomorphic Eisenstein series and lifted cusp forms. Moreover we construct cusp forms which are not the lifted cusp form. For l Z 5 we can know the value of dim S l ðG Þ by Hashimoto's dimension formula (cf. [4] ). As an application we prove the following result. The existence of the holomorphic Eisenstein series of weight 2 (Theorem 0.3) and the structure of S 6 ðG Þ (cf. (4.4)) play a basic role in proving the above theorem.
The author would like to express his gratitude to Professor Takashi Sugano who suggested him these problems and o¤ered valuable advice and warm encouragement.
Notation. We denote by Z, Q, R and C, respectively, the ring of integers, the rational number field, the real number field, and the complex number field. For an associative ring R with an identity element, R Â denotes the group of all invertible elements and M m ðRÞ the ring of all matrices size m with coe‰cients in R. We put GL m ðRÞ ¼ M m ðRÞ Â . If X A M m ðRÞ, t X and TrðX Þ stands for its transpose and trace. If R is commutative, detðX Þ stands for its determinant, and we denote by SL m ðRÞ the special linear group of degree m. For real symmetric matrices X and Y, we write X > Y to indicate that X À Y is positive definite. If X > 0, we denote by X 1=2 its positive definite square root. Let k be a number field and o the ring of integers. For each place v of k, we denote by k v the v-completion of k, and by jxj v the module of x for an x A k
For an algebraic group G defined over k, we denote by G k the group of k-rational points of G. We abbreviate G k v to G v . We let y and f denote the sets of archimedean primes and non-archimedean primes of k, respectively. We denote by G A ; G y , and G f the adelized group of G, the infinite part of G A , and the finite part of G A , respectively. Similar notation are used for an algebra or a vector space. Each prime ideal p of k is identified with the corresponding finite place, and we denote by o p the ring of integer of k p . If there is no fear of confusion, the maximal ideal po p of o p is written as p. We denote by p p a prime element of k p and put
For a quaternion algebra B over k, we denote by x 7 ! x ðx A BÞ the canonical involution of B over k, and put Tr B=k ðxÞ ¼ x þ x and N B=k ðxÞ ¼ xx. We denote by B À the set of pure quaternions, and any subset S of B we put
The disjoint union of sets Z 1 ; . . . ; Z s is denoted by ' s i¼1 Z i . For a A R, the symbol [a] denotes the integer not greater than a.
1. Definition of Eisenstein series.
Preliminaries.
Let k be a totally real algebraic number field of degree n over Q, and let B be a division quaternion algebra over k; and denote by D the product of prime ideals of k such that B p is division, and we call this the discriminant ideal of B over k. We assume that B is unramified at any infinite place of k. We denote by y 1 ; . . . ; y n all infinite places of k. Then by the above assumption on B, B y j ¼ B n k k y j is isomorphic to M 2 ðRÞ. So we identify B y j with M 2 ðRÞ.
Let G be a linear algebraic group over k defined by
where Im Z j means the imaginary part of Z j , and
isomorphic to the Siegel upper half-plane of degree 2, and G y j acts on H j transitively as a group of holomorphic automorphisms via the mapping
The group C y j , which is a maximal compact subgroup of G y j , is isomorphic to the unitary group of degree 2, and H j is isomorphic to
A G y j and Z j A H j , we define a C-valued holomrophic automorphic factor J j ðg j ; Z j Þ on
Let H be the direct product of H 1 Â Á Á Á Â H n . We put Z 0 ¼ ðZ 1; 0 ; . . . ; Z n; 0 Þ and 
where
where P is a parabolic subgroup of G defined by
We abbreviate
ð1:2Þ
Then G A is a discrete subgroup of G y such that the volume of G A nG y is finite. We denote by h the class number of k. Then the following lemma is easily seen (cf. [4] , [17] ).
For a positive integer l, let M l ðG A Þ denote the space of automorphic forms of weight l with respect to G A ; 
The following fact is well-known ( [2] , [14] 
easily seen that this is well-defined because l is an even integer. Now our Eisenstein series (as a function on G A ) is defined by The right-hand side of (1.4) converges absolutely and locally uniformly on
Then we easily see that
by virtue of the strong approximation theorem for G. Therefore we can define our Eisenstein series on H by 
Jðg; ZÞ Àl jJðg; ZÞj ÀsþlÀ3=2 :
For l > 3 we define the holomorphic Eisenstein series by
Then we can easily see E l ðZÞ A M l ðG A Þ. For a rational prime p, let Q p denote the field of p-adic numbers. We define a character c of the adele ring k A by c ¼ Q v c v , where Since B is division, the following Bruhat decomposition is easily verified.
By (1.4), (1.10), and Lemma 1.3, we have
cðÀTr B=k ðhxÞÞ dm A ðxÞ;
where dððÃÞÞ ¼ 0 or 1 according as the condition ðÃÞ is satisfied or not. Therefore we obtain the following proposition. 
c v ðÀTr B=k ðhxÞÞ dm v ðxÞ;
c v ðÀTr B=k ðhxÞÞ dm v ðxÞ:
2. Local part.
For 0 6 ¼ h A B À , we put K ¼ kðhÞ and K p ¼ K n k k p for each prime p, and denote by p the rational prime divided by p. We denote by w h ðpÞ the Legendre symbol, i.e. it equals À1, 0, or 1 according as p remains prime in K, ramifies in K, or splits in K. We denote by ðA
we define integers a p and f p by the condition:
In this subsection p denotes a prime ideal of k dividing D. Let K 0 be the unique unramified quadratic extension field of k p . We realize B p as a cyclic algebra
From (2.2) we obtain the following lemma. (cf. [19] )
If n is an even integer, then x A o The value of V p ðh; tÞ is given as follows:
( Now we are ready to prove the following theorem:
Theorem 2.3. Let the notation be as above. For pjD and Re s > 3=2, we have the following.
( 
Then by 
Therefore by Lemma 2.1 and Lemma 2.2 we can obtain the following
So we see the second part of our theorem. The remaining part of our theorem can be proved by the same way. r Corollary 2.4. Let the notation be the same as in the above theorem.
(1) For each h A ðA À p Þ Ã , a p ðh; sÞ can be continued as a meromorphic function to the whole s-plane.
sÞ is an entire function on the whole s-plane, and it is invariant under s 7 ! Às.
Unramified primes.
In this subsection we assume that p is a prime ideal of k not dividing D: so
we notice that f p V 0 ð2:6Þ (cf. [19] ). Shimura [17] treated a p ðh; sÞ in a more general situation. We calculate the explicit form of a p ðh; sÞ (cf. [6] , [7] ). Theorem 2.5. For p a D and Re s > 3=2, we have the following.
where ð2:7Þ
As a corollary we get Corollary 2.6. The notations being the same as in the above theorem.
( which is convergent for Reða þ bÞ > m. This integral was studied by Shimura [16] and it is known that this can be expressed by generalized hypergeometric functions.
By the uniqueness of the Haar measure on B À y , the following relation between dm y and dm:
Here, d k denotes the discriminant k=Q, and
By (2.8) and (2.9), the following proposition is obtained.
Proposition
where s ¼ Tr k=Q Tr B=k . To obtain an explicit description of (2.10), we take a decomposition
Comparing the action of both sides of (2.11) for Z 0 , and automorphic factors, we have
Hence, by (2.8) and (2.9), for g
On the other hand
Therefore we obtain this proposition. r 3. Global part.
Hypergeometric functions.
In this section, we summarize some properties of hypergeometric functions which appear in the Fourier coe‰cients of the Eisenstein series. Put
where G 1 ðsÞ ¼ GðsÞ is the ordinary gamma function and we understand as G 0 ðsÞ ¼ 1. We put The following theorem is one of the main results in [16] . The following proposition, which is obtained from [16] , will be used later (cf. [12] Proposition 3.4). 
Singular series.
Here we write an explicit formula for the singular series a f defined in Proposition 1.4. We denote by z k ðsÞ the Dedekind zeta-function, and denote by L k ðs; w h Þ the Lfunction for a quadratic character w h of kðhÞ=k. For Re s > 3=2 and 0 
From above proposition the singular series a f ðh; sÞ has a meromorphic continuation to the whole s-plane and we obtain the following facts. Moreover let s 0 , d, and t be as above. There exist positive constants C 1 , C 2 depending only on s 0 , d, and t such that
ð3:7Þ
for all s A U d ðs 0 Þ and h A ðA À Þ Ã .
Continuation and functional equation of E l ðZ; sÞ
Hereafter we assume l be an even non-negative integer. 
By Proposition 3.2 and 3.7, for a given r > 0, there exist positive constants C 1 ; . . . ; C 6 depending only on r, l, s 0 , and t such that 
Hence (3.14), (3.15) , (3.16) , and the Schwarz' inequality give
Here the constants C 11 , C 12 depend only on l, t, s 0 , r and d. This completes the proof of the assertion (2) of our theorem. r
In the rest of this section, we present a proof of a functional equation of E l ðZ; sÞ by means of investigations of explicit Fourier coe‰cients given in Theorem 3.4. Put
Then x k ðsÞ is continued as a meromorphic function in s on the whole complex plane with only simple poles at s ¼ 0; 1 and satisfies the functional equation
Since w h is non-trivial (cf. Lemma 2.1), Lðs; w h Þ is continued as an entire function and is invariant under s 7 ! 1 À s. The following lemma is elementary.
Lemma 3.5. Let l be an even non-negative integer and let p; q be non-negative integers with p þ q ¼ 2. Then Proof. First we assume h 6 ¼ 0. By (3.4), (3.10), and Proposition 3.3,
Áâ a f ðh; sÞ;
where h v J A W 2 ðp v ; q v Þ, and we put
By Theorem 3.1(3), (3.6), and Lemma 3.5, we obtain results in this case. Secondarily let h ¼ 0. From (3.9), Proposition 3.3, and (3.3) we obtain the following:
Notice that the number of prime ideals dividing D is even, since B is totally indefinite. So we get the functional equation. The possible poles are simple poles at s ¼ 0, G3=2 and double poles at s ¼ G1=2 (2) and Proposition 3.6, we obtain the following theorem. The convergence of (1.7) is not guaranteed if l ¼ 2 and s ¼ 3=2. However, as in Shimura [17] , we can construct the holomorphic Eisenstein series of weight 2 as follows: Theorem 3.8. We define E 2 ðZÞ :¼ E 2 ðZ; 1=2Þ:
Then E 2 ðZÞ is a holomorphic function in Z on H.
Proof. Since the second term of (3.20) vanishes at s ¼ 1=2, the constant term of E Ã 2 ðZ; 1=2Þ does not depend on Z. By Theorem 3.1(1),
and
Therefore by (3.19) non-constant terms of E Ã 2 ðZ; 1=2Þ are holomorphic in Z on H. We notice that the normalizing factor has neither zero nor pole at s ¼ 1=2. Therefore the Eisenstein series E 2 ðZ; 1=2Þ is holomorphic in Z on H. r
Remark. In the case of the Siegel modular form of degree 2, we can not construct the Eisenstein series of weight 2 in this way ( [8] , [12] , [17] ).
By Theorem 3.1(1), Theorem 3.4(1), and Theorem 3.8, we obtain the Fourier expansion of the holomorphic Eisenstein series of weight l Z 2.
Corollary 3.9. Let l be an even positive integer with l Z 2.
a l ðhÞe½Tr B=k ðhZÞ; In this section, we assume k is the rational number field Q. To calculate numerical examples by the formula in Corollary 3.9, we shall rewrite this formula in an easier form.
Theorem 3.10. Let l be an even positive integer. Moreover the converse is also valid (cf. Lemma 2.1, (2.6)). We say that a function In this section we give some examples of cusp forms on a quaternion unitary group of degree 2 over Q by using the Eisenstein series and Oda's lifting [13] .
Examples by Oda lifting.
Let N be an odd squarefree positive integer and k an odd positive integer. We put M ¼ 4N. For a positive divisor D of N, we define a Dirichlet character (modulo M) by
We denote by w 0 the trivial character. Put For any prime number p there exists an element P p A O such that N B=Q ðP p Þ ¼ p, since B is an indefinite quaternion algebra over Q. Let f be an element M l ðG Þ such that 
( If h is p-primitive, we understand that að p À1 hÞ ¼ 0. In the rest of this section we assume D is an even positive integer. Put (1) For pjD 
By [19] , we know that o p 6 ¼ 0 if pj2D. Therefore we obtain the following (see [15] ). where for n we define the pair of integers ðn 0 ; kÞ by n ¼ 2 k n 0 (n 0 is an odd positive integer). This is the Eisenstein series of weight m with respect to G 0 ð4Þ, which only vanishes at cusps iy and 0. On the other hand the classical theta-function yðzÞ :¼ P y n¼Ày e½n 2 z A S 1 ð4; w 0 Þ only vanishes at the cusp 1=2. The rest of this subsection will be devoted examples of lifted cusp forms in the case of D ¼ 6.
Example 1 ðl ¼ 6Þ (cf. [20] ). Put D ¼ 6. By [3] , we obtain dim S 11 ð12; w 0 Þ ¼ 7. Basis of S 11 ð12; w 0 Þ are given as follows: Then B is an indefinite division quaternion algebra over Q with discriminant D ¼ 6. Moreover
The dual lattice ðO À Þ Ã of O À defined in (1.3) is given as follows: In the formula of Theorem 3.10, QðhÞ, a, and f is given as follows: We write the main result in this section. which the Fourier coe‰cients are given in Table III . (Note: dim S 4 ðG Þ ¼ 2 is conjectured by Hashimoto [4] .)
The existence of the Eisenstein series of weight 2 (Theorem 3.8) and the structure of S 6 ðG Þ (cf. (4.4) ) play a basic role in proving the above theorem.
By (4.4), we can choose the following basis of S 6 ðG Þ:
Their Fourier coe‰cients are given as the following table. are zero, we may put
Therefore we can find Fourier coe‰cients of f by the method of undetermined co-
